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NOMENCLATURE
mm or m - Distance/thickness
MJ/m3 - Calorific value
W/m2k - Heat transfer coefficient
Q˙l, - heat of calcinations
Q˙ v - vaporization heat of water
Q˙ g - sensible heat of exhaust gases
Q˙ co - heat loss by CO
Q˙ w - heat loss by wall
Q˙ s - sensible heat of output solid (lime, unburned lime and ash from the fuel)
𝐻𝑝𝑟𝑜𝑑 - enthalpy of product
𝐻𝑟𝑒𝑎𝑐𝑡 - enthalpy of reactant
ℎ̅𝑓 ° - enthalpy of formation at standard reference state
ℎ̅ - sensible enthalpy at specified state
ℎ̅° - sensible enthalpy relative to standard reference state
𝐶𝑐𝑜2 - concentration of carbon dioxide in intake air
𝑋𝑐𝑜2 - percentage of carbon dioxide in air
𝑀𝑎𝑖𝑟/𝑘𝑔𝑓 − mass of air / kgfuel
𝑀𝑙𝑠/𝑚3 - volumetric mass of limestone
𝑀𝑙𝑠/𝑘𝑔𝑓 − mass of limestone / kgfuel
𝐶𝑜2 - concentration of oxygen in intake air
𝑋𝑜2 − Percentage of oxygen in air
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ABSTRACT
Limestone exists in large quantities throughout the world in many forms and various lime
stones differ considerably in their chemical composition and physical structure.
Limestone is an important raw material for many branches of industry. The greater part of
limestone is decomposed to lime (CaO) and (CO2) in many different kinds of reactors before
final utilization. This process is called calcination
The calcination of limestone (CaCO3) is a highly endothermic reaction requiring 3.16MJ of heat
input.
Kiln is an oven, furnace or heated enclosure used for processing a substance by burning, firing
or drying.
A basic model will be developed using the mass and heat balances for the gas species and the
solid phases. It will include chemical reaction enthalpies for the conversion of fuel and
limestone. Heat and mass transfer between phases will be modelled as convection. The model
will predict temperatures, conversion degree, mass flow rate, gas concentrations, profiles of
gas and solid phases as a function of vertical position. Also, the pressure drop inside the kiln
and gas velocity are predicted by the model.
The validation shows that, the model has captured the essential phenomena sufficiently
detailed for predicting temperature in the kiln as a function of the vertical position.
The mathematical model of vertical shaft lime kiln is used to illustrate the effects of different
operating conditions on the kiln operation. The parameters studied include fuel ratio, air excess
number, lime throughput, limestone size and reactivity, kind of fuel, coke size and reactivity.
The applications show how the model can give insight for the kiln performance under different
operating conditions.
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CHAPTER ONE: INTRODUCTION
1.1 BACKGROUND
Present status of knowledge about the topic
Calcination is basically the decomposition limestone to quick lime on application of heat.
Quicklime obtained is necessary for metal refining, sugar refining, cement, calcium carbide
synthesis and soil stabilization. But the biggest portion is used in construction industry.
Uganda’s construction industry is growing at 6%/year and alongside this demand for a broad
range of building minerals. Notably between 2013 and 2014, official production of limestone
increased by 18.2% hence increase in demand of quick lime.
The large scale cement and quick lime manufacturing plants are experiencing trade deficit
which has mainly attributed to exceptionally high energy and fuel costs. This accounts to about
35-40% of production costs which substantially weakens competitiveness with other plants. A
large variety of lime shaft kiln designs have been used over centuries and around the world. But
the vertical shaft kiln is the most efficient with efficiency of about 78%. Hence a need for
development of a model that relate heat transfer processes with an aim of minimizing fuel
costs and use of cheaper alternative fuels. The model should also target improvement of lime
productivity in calcination processes.

Identified gaps
Today under conditions of an increase in price of energy and conditions of an extremely
stressed ecological situation in industrially developed regions, it is important to develop better
lime shaft kilns and improve on the existing ones.

1.2 PROBLEM STATEMENT
Calcinations mechanism is a process that is used to produce quick lime at high temperatures.
Hence it requires high energy input
Identified gap
Increased prices of energy and stress from ecological environment situations where by
all these create the demand for better performance of processes that can help at saving
energy, hence better fuel consumption. And have better lime productivity.
Possible solution
This can be addressed through carrying out intensive research and develop
mathematical models. Gathered information about already existing kiln operations can also be
used.
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Actions to be taken
By using differential equations, input data and various parameters of the kiln, heat and
mass transfer mechanisms can be analyzed which is crucial in developing a mathematical
model. Kinetics of combustion and decomposition reactions can also be used.
Reasons for taken actions
To reduce energy losses in calcinations mechanism and improve on its efficiency which
minimizes fuel consumption and hence reducing on the production costs of quick lime.

1.3 OBJECTIVES
Main objective
To develop a mathematical model for calcination mechanism that minimizes energy loss and
improves productivity of lime.
Specific objectives
To identify and evaluate the various heat transfer processes in calcination and how they
can be improved.
To determine causes of heat losses in vertical shaft kiln.
To establish the effects of heat losses on productivity of lime.
To determine measures of how heat losses can be minimized.

1.4 JUSTIFICATION
The purpose of this project was to develop a mathematical model that relates heat and
mass transfer mechanisms using differential equations, kinetics of combustion and
decomposition reactions. And it helped in obtaining high productivity of quick lime in terms of
quantity and quality.
As societies change in economic aspect, there is an increase of demand of energy since
more energy consuming processes come up hence hiking production costs. This leads to out
competing of local producers by other manufacturers from other countries which have cheaper
energy sources.
The mathematical model was used in simulation of the kiln which helped to understand
the complex interaction of the significant phenomena taking place in the kiln. These
interactions include: the rates of the combustion and gasification reactions of limestone, the
heat and mass transfer to and from the limestone.
This project addresses all deficiencies to minimize defects in calcinations process and
lime produced which will improve on productivity.
The models of single particles of limestone were used for describing the behavior of
single reacting particles. Then these models of single particles were introduced in a more
general one dimensional model describing the kiln, where the different properties depend upon
the location within the kiln. The model of the kiln results in a tool that can give insight into how
2

different phenomena in the process constrain the kiln performance under different operating
conditions.

1.5 SCOPE
Calcination mechanisms involve larger production processes and for this case they are majorly
applied in industries. This is because at smaller production level, calcination is more costly since
it is labor intensive.
Since the biggest percentage of quick lime is used in construction industry, our focus was on
cement producing plants that are the main consumers of limestone.
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CHAPTER TWO: LITERATURE REVIEW
A large variety of kiln designs have been used over the centuries and around the world. The
main types of kilns are: the vertical shaft kiln and rotary kilns and for this project I will focus on
vertical shaft kilns.
Diagram shows a vertical shaft kiln with respective chambers/zones.
a – preheating zone
b – calcining zone
c – cooling zone

Figure 1: showing combustion zones in a kiln [1]

Today, under conditions of an increase in price of energy and under conditions of an extremely
stressed ecological situation in industrially developed regions, it is important to develop lime
shaft kilns, create new kilns, and improve existing kilns. They have been developed to obtain
high productivity, lime quality and thermal efficiency in two ways:



Experience and experiment
Simulation of the kilns using mathematical models
4

The vertical shaft kilns have quite efficient heat transfer in preheating and cooling zones. In
calcination zone, where the rate and quality of de-carbonization is completely determined
by the heat and mass transfer processes, which depend on factors such as the
physicochemical and granulocyptic parameters of the raw material, the fuel employed, its
distribution, and also the distribution of the gases and their oxygen concentration over the
sectors of the kiln is important.
In this zone, the reaction of lump limestone proceeds towards the core of particles of unreacted lime stone, leaves behind it a layer of lime. With increasing the lime shell, the heat
resistance of the lump calcined shell limits the heat transfer from the surface of the lump to
the reacting core. At the same time the fuel burn and the temperature of the gases formed
during fuel combustion is excessively high and consequently, the temperature of the
material surface can rise over 16000c. [1]
Diagram showing limestone particle decomposing on heating.

CO2
r0

r0

HEAT

rf

CaCO
3

Initial Particle

Reacting Particle

Figure 2: showing limestone particle decomposing [3]

Our model will be different in a way that it will include kinetics of combustion and
decomposition reactions that will be used in modeling to obtain a faster decomposition rate
with a better quality of quick lime.
In order to achieve a uniform product quality, lumped system analysis will be carried out.
The retention time of each particle in the different kiln zones, particularly in the burning zone
must be the same. Heat conduction equation will also be used determine the size of and
geometry of the kiln.
Some of the kinetics of combustion and decomposition reactions are;
o Mass and energy balances
o Energy balance
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This can be represented in the diagram below
Qg
Qc

Qv
Qco

Qlsi

Preheating Zone
Qw

Boudouard Zone
CC

Burning Zone

Cooling Zone

Qa

Qs
Ql
Figure 3: showing mass and energy balances [3]

Heat input
The heat input includes the chemical heat of fuel Q˙ c, which equals the mass of fuel multiplied
by its net calorific value, the sensible heat of the inlet air Q˙ a, which is calculated relative to
ambient temperature Ta, and the sensible heat of inlet limestone Q˙ lsi, which is calculated
relative to room temperature [1]
Heat output
The heat output includes the heat of calcination, Q˙l, which is the useful energy, the vaporization
heat of water, which is included in limestone and fuel, Q˙ v, the sensible heat of exhaust gases Q˙
˙
˙
g, the heat loss by CO, Q co, the heat loss by wall, Q w and sensible heat of output solid (lime,
unburned lime and ash from the fuel), Q˙ s. [1]
Energy balance calculations
Energy balance calculations require knowledge of thermodynamic data such as specific heats,
heats of combustion, enthalpies of phase change and densities and the conditions of the state
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such as input and output temperatures. Also it requires knowledge of mass flow rate of input and
output materials.
Energy consumption
Due to rising energy costs, the energy consumption for decompositions of limestone has been
the subject of many studies. Here, the energy consumption of the vertical shaft kiln and the
parameters effect it will be studied. Based on the principle of conservation of energy, the energy
going into the kiln must balance with the energy coming out, when the kiln operates steadily.
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CHAPTER THREE: METHODOLOGY
3.1 Approach
Mathematical models were developed using mathematical concepts which include variables,
operators, functions, equations and inequalities.
Categories of models that will be used are;
First principle models
These are based on physical laws that are descriptive and explaining material parameter
values often not known.
Deterministic models
These are mathematical representations of in which every variable alters according to a
mathematical formula. Every set of variable state is uniquely determined by parameters in the
model and by sets of previous states of these variables.

3.2 Preliminary design of model
This was carried out through the following steps;
 Specifying the problem
I briefly stated the problem, the key information given and the quantities to be found.
 Setting up of metaphor / schematic
I drew realistic sketch of the physical system involved and listed the relevant information on the
figure.
I indicated any energy and mass interaction with the surrounding, listed the given information
on the sketch.
I as well checked for properties that remained constant during the process and indicated them
on the sketch.
 Assumptions
Appropriate assumptions were made to simplify the problem and make it possible to obtain
solution. And also reasonable values were assumed for missing quantities that were necessary.
 Formulating mathematical model
Basic and relevant physical laws, principles (such as conservation of energy) were applied and
reduced to their simplest form by utilizing the assumptions made.
And eventually interpreting the problem translating the information into mathematical
statements.
 Properties
Unknown properties were determined at known states necessary to solve the problem from
property relations.
Properties were listed separately and indicated their source where necessary.
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 Solve mathematical problem
The known quantities were substituted into the simplified relations and calculations to
determine the unknowns were made. And paid attention to the units and units cancellations.
 Reasoning, verification and discussion
The model was checked to make sure that the results obtained were reasonable and intuitive
and verified the validity of the questionable assumptions.
Calculations that result to unreasonable results were repeated.
The significance of the results were pointed out and their implications were discussed.
Conclusions drawn from the results were also stated with the respective recommendations.
Emphasis was also put on the limitations under which the results are applicable.
Caution was put on misunderstandings and using the results in situations where the underlying
assumptions did not apply.

3.3 Detailed design of model
The model was developed using mathematical equations of heat transfer processes and physical laws
which are;
Heat transfer by convection,

𝑞̇ 𝑐𝑜𝑛𝑣 = h𝐴𝑠 (𝑇2 − 𝑇1 )
Heat transfer by conduction,
𝐾

𝑞̇ 𝑐𝑜𝑛𝑑 = 𝐿 𝐴𝑠 (𝑇2 − 𝑇1 )
Heat transfer by radiation,
𝑞̇ 𝑐𝑜𝑛𝑣 = 𝜀𝜎𝐴𝑠 (𝑇24 − 𝑇14 )
The rate of diffusion was used to determine the concentration of gases transferred in the
mechanism especially carbon dioxide and is given by fick’s law of diffusion as below
ṁ
𝐴

𝜕𝑐

= - D 𝜕𝑥
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Conservation and balance equation for mass and energy
Denoting physical properties being monitored as Q(t) and the independent variable time as t.
Accumulation = input + generation – output – consumption
Which is;
𝑑𝑄(𝑡)
𝑑𝑡

= 𝑞𝑖𝑛 (𝑡) + 𝑔(𝑡) − 𝑞𝑜𝑢𝑡 (𝑡) − 𝐶(𝑡)

Where;
𝑞𝑖𝑛 (𝑡) – flow rate in
𝑔(𝑡) – rate at which Q is generated
𝑞𝑜𝑢𝑡 (𝑡) – flow rate out
𝐶(𝑡) – rate at which Q is consumed

3.4 Evaluation and justification of methodology
Specifying problem helped at understanding the problem and the objectives before
solving it.
Setting up a metaphor gave a sketch which was not elaborate but resembled the actual
system and showed the key features which helped to see the entire system at once.
More assumptions stated simplified the system but it became less accurate and few
assumptions made the system complicated but accurate.
The region to which a physical law was applied was identified first.

3.5 Data collection methods
In order to gain a better insight into the possibilities for development of a mathematical model,
I carried out research through existing data from text books and other related research made
by fellow students.

3.6 Design criteria and parameters
Development of a mathematical model for simulation of kiln performance. The
simulation of the kiln helped at understanding the complex interaction of the significant
phenomena taking place in the kiln.
The parameters we considered in development of the model are;Air Fuel ratio, lime throughput, limestone size and reactivity, kind of fuel, Chemical heat of fuel,
𝑞̇ 𝑓 , Sensible heat of inlet air, 𝑞̇ 𝑎 , Sensible heat of inlet limestone, 𝑞̇ 𝑙𝑠 , Heat of calcination, 𝑞̇ 𝑙 ,
Vaporization heat of water, 𝑞̇ 𝑣 , Sensible heat of exhaust gases, 𝑞̇ 𝑔 , Heat loss by wall, 𝑞̇ 𝑤 ,
Sensible heat of output solid, 𝑞̇ 𝑠 .
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3.7 Key assumptions
Some of the key assumptions incorporated in the past models are;













The size of particles of limestone and is the same
There is uniform mixing of fuel and air
Uniform distribution of heat in kiln
Steady state operating conditions in the kiln
The solid particles entering the kiln are spherical
The number of coke particles is constant until burnout
Constant void fraction of particle bed
Heterogeneous reactions only on the outer surface of coke
No disintegration of solid particles
The ash in coke leaves the kiln as fly ash and does not react with any phases
Limestone particles preserve their shape during decomposition
Heat transfer by radiation is negligible

3.8 Tools used
Some of the tools used are;
Text books
Computer and its software like Engineering Equation Solver program.
Questionnaires
Phone
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CHAPTER FOUR: DESIGN ANALYSIS
4.1 FUEL ANALYSIS
Introduction
Proportions of the fuel and air must be in the proper range for combustion to begin. A frequently
used quantity in the analysis of combustion processes to quantify the amounts of fuel and air is
the air – fuel ratio, AF. And it is usually expressed on mass basis.
𝑀

AF = 𝑀 𝑎𝑖𝑟

…………………… (1)

𝑓𝑢𝑒𝑙

In actual combustion processes, it is common practice to use more air than stoichiometric
amount to increase the chances of complete combustion or to control the temperature of the
combustion chamber.
The amount of air in excess of stoichiometric is called Excess air.
However, combustion process in most cases is never complete and insufficient oxygen may be
the obvious reason but it also occurs when oxygen is in excess. This may be attributed to
insufficient mixing in the chamber and another reason is dissociation where oxygen easily reacts
with hydrogen to form water than carbon.
But since combustion is never complete, stoichiometric or theoretical air will give us minimum
amount of air needed for the complete combustion of a fuel.
The fuels I analyzed are biomass and biogas.

Mathematical model
For combustion processes, enthalpy of combustion,ℎ𝑐 , represents the amount of heat
released during a steady flow combustion process when 1kg of fuel is burnt completely at a
specified temperature and pressure.
ℎ𝑐 = 𝐻𝑝𝑟𝑜𝑑 − 𝐻𝑟𝑒𝑎𝑐𝑡
Enthalpy, h = ℎ̅𝑓 ° + (ℎ̅ − ℎ̅°)

(KJ/kmol)

Where;
𝐻𝑝𝑟𝑜𝑑 = enthalpy of product
𝐻𝑟𝑒𝑎𝑐𝑡 = enthalpy of reactant
ℎ̅𝑓 ° = enthalpy of formation at standard reference state
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ℎ̅ = sensible enthalpy at specified state
ℎ̅° = sensible enthalpy relative to standard reference state
Standard reference state of 25℃ and 1 atm
Considering combustion process as a system, we apply energy balance equation.
𝐸̇𝑖𝑛 = 𝐸̇𝑜𝑢𝑡
𝑄𝑖𝑛 + 𝑊𝑖𝑛 + 𝐻𝑟𝑒𝑎𝑐𝑡 = 𝑄𝑜𝑢𝑡 + 𝑊𝑜𝑢𝑡 + 𝐻𝑝𝑟𝑜𝑑
This simplifies to;
𝑄𝑜𝑢𝑡 = 𝐻𝑟𝑒𝑎𝑐𝑡 − 𝐻𝑝𝑟𝑜𝑑

(KJ/kmol fuel)

𝐻𝑟𝑒𝑎𝑐𝑡 = ∑ 𝑁𝑟 ( ℎ̅𝑓 ° + (ℎ̅ − ℎ̅°))𝑟
𝐻𝑝𝑟𝑜𝑑 = ∑ 𝑁𝑝 ( ℎ̅𝑓 ° + (ℎ̅ − ℎ̅°))𝑝
For fuel, 𝑁𝑟 = 1
For biomass
Biomass is a material that is derived from living or recently living biological living
biological organisms.
It is carbon based and contains other organic molecules like hydrogen, oxygen, nitrogen and
others. Cellulose is the most common form of carbon in biomass accounting for 40% - 60% by
weight of the biomass.
The use of biomass can reduce dependence on foreign fuels because biofuels are among the
few renewable and readily available fuels.
Sources of biomass are;





Agricultural residues (leftover material from crops)
Forestry wastes (chips and sawdust from lumber mills)
Municipal solid wastes
Energy crops (fast growing trees and grass)

C6H10O5 (s) + ath (O2 +3.76N2)(g)
𝑀

AF = 𝑀 𝑎𝑖𝑟 =
𝑓𝑢𝑒𝑙

6CO2(g) + 5H2O(g) + 3.76ath N2(g)

ath (O2 +3.76N2 )
C6H10O5

ath = gives the stoichiometric or theoretical air
For biogas
13

Biogas is a gas produced by anaerobic digestion of organic material. And it is largely comprised
of methane.
Biogas contains about 50% - 70% methane gas.

Substrates are;





Animal dung
Food waste
Municipal waste
Human excreta

CH4 (g) + ath (O2 +3.76N2 )(g)
𝑀

AF = 𝑀 𝑎𝑖𝑟 =

CO2 (g)+ 2H2O(g) + 3.76ath N2 (g)

ath (O2 +3.76N2 )

𝑓𝑢𝑒𝑙

CH4

Assumptions





There is complete combustion
Biomass consists of purely cellulose
Biogas consists of purely methane
Changes in kinetic and potential energy are negligible
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4.2 AIR AND FLUE GAS ANALYSIS
Introduction
Intake air majorly constitutes of carbon dioxide, oxygen and nitrogen and flue gas
constitutes of mainly steam, carbon dioxide, nitrogen and ash.
This analysis is used to determine the concentration of carbon di oxide and oxygen in intake air,
and also carbon dioxide produced by the reaction between air and fuel. Nitrogen is not
considered because it does not take part in the reaction.

Assumptions
There is no steam produced
Ash produced is negligible
No dust particles
Complete combustion

Mathematical model
Concentration of carbon dioxide in flue gas
Concentration of gases in flue gas is as a result of intake air, reaction process between fuel and
air and decomposition reaction of limestone.

Concentration of carbon dioxide and oxygen in intake air.
Concentrations are determined using the following formulae,
For carbon dioxide,
𝑀𝑎𝑖𝑟/𝑘𝑔𝑓 . 𝑀𝑙𝑠/𝑚3

𝐶𝑐𝑜2 = 𝑋𝑐𝑜2 . (

𝑀𝑙𝑠/𝑘𝑔𝑓

)

………………………. (2)

For oxygen,
𝐶𝑜2 = 𝑋𝑜2 . (

𝑀𝑎𝑖𝑟/𝑘𝑔𝑓 . 𝑀𝑙𝑠/𝑚3
𝑀𝑙𝑠/𝑘𝑔𝑓

)

…………………………… (3)

Where;
𝐶𝑐𝑜2 = concentration of carbon dioxide in intake air
𝑋𝑐𝑜2 = percentage of carbon dioxide in air
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𝑀𝑎𝑖𝑟/𝑘𝑔𝑓 = mass of air / kgfuel
𝑀𝑙𝑠/𝑚3 = volumetric mass of limestone
𝑀𝑙𝑠/𝑘𝑔𝑓 = mass of limestone / kgfuel
𝐶𝑜2 = concentration of oxygen in intake air
𝑋𝑜2 = Percentage of oxygen in air

Concentration of carbon dioxide produced by chemical reaction
Concentration of carbon dioxide gas looked at is that produced by reaction between fuel and
air. And it is given by;
𝑀𝑐𝑜2 /𝑘𝑔𝑓 .𝑀𝑙𝑠/𝑚3

𝐶𝑐𝑜2 /𝑓𝑙𝑢𝑒𝑔𝑎𝑠 = (

𝑀𝑙𝑠/𝑘𝑔𝑓

)

…………………………. (4)

Where;
𝐶𝑐𝑜2 /𝑓𝑙𝑢𝑒𝑔𝑎𝑠 = carbon dioxide in flue gas produced by reaction between fuel and air
𝑀𝑐𝑜2 /𝑘𝑔𝑓 = mass of carbon di oxide /kg fuel

Concentration of carbon dioxide produced by decomposition of limestone
During the decomposition of limestone, calcium oxide (quick lime) and carbon dioxide gas are
produced. Therefore carbon dioxide produced by this process increases the concentration of
carbon dioxide in the system.
In order to determine the concentration of carbon dioxide produced by decomposition, we use
the equation below.

𝑀𝑀𝑐𝑜2

𝐶𝑐𝑜2 /𝑙𝑠 = 𝑀𝑀

𝑐𝑎𝑐𝑜3

x 𝜌𝑙𝑠

………………………… (5)

Where;
𝑀𝑀𝑐𝑎𝑐𝑜3 − molecular mass of calcium carbonate
𝑀𝑀𝑐𝑜2 – molecular mass of carbon dioxide
𝜌𝑙𝑠 – density of limestone
Using density of limestone as 2100 kg/m3
𝐶𝑐𝑜2 /𝑙𝑠 = 1078.4 kg/m3
16

Determining of partial pressures of carbon dioxide concentration in the kiln
The main gas produced by calcination mechanism is carbon dioxide and therefore it has to be
analyzed in order to minimize its effect on to the calcination process and eventually quick lime
quality.
The first step is expressing the concentrations of carbon dioxide obtained in the last section
into moles/m3.

Concentration of carbon di oxide in intake air;
Due to biomass = 0.75kg/m3 = 0.00987 mol/m3
Due to biogas = 2.67 kg/m3 = 0.0351 mol/m3

Concentration of carbon di oxide produced by reaction process;
Due to biomass = 424.12kg/m3 = 5.58 mol/m3
Due to biogas = 1848.25 kg/m3 = 24.32 mol/m3

Concentration of carbon dioxide produced by decomposition process of
limestone;
= 1078.4 kg/m3 = 14.19 mol/m3
Limestone decomposes to solid lime and carbon dioxide in gaseous form. The equilibrium state
is thus determined only by the pressure of carbon dioxide. To expel the produced carbon dioxide
from decomposition through the outer shell of lime, the pressure at the reaction zone must be
greater than that at the surface of the particle.
Using the ideal gas law, PV = nRT
𝑛
𝑣

𝑃

= 𝑅𝑇

Where

𝑛
𝑣

is concentration of gas in terms of mol/m3 or kg/m3

Equilibrium pressure (Peqm)
This is the pressure that occurs at the core of limestone particle due to the concentration of
carbon dioxide produced in the particle.
Here,
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𝑛
𝑣

= 14.19 mol/m3

Gas pressure (Pg)
This is due to carbon di oxide concentration in the flue gas around the particles in the system
For biomass,
𝑛
𝑣

= 5.5909mol/m3

For biogas
𝑛
𝑣

= 24.355mol/m3

Pressure at particle surface (Ps)
This is basically pressure at the particle surface.
Mass transfer by diffusion is used to determine the concentration of carbon dioxide at the surface
The rate of diffusion is given by fick’s law of diffusion as below
ṁ
𝐴

𝜕𝑐

= - D 𝜕𝑥

Which is on integration,
ṁ = - DA

(𝑐𝑐𝑜2 ,𝑠 − 𝑐𝑐𝑜2 ,𝑔 )
𝑑𝑟

…………………………………………. (6)
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4.3 LUMPED SYSTEMS ANALYSIS
Introduction
For lumped systems analysis, the temperature of the body remains uniform all the time
within the body throughout the heat transfer process i.e there is no temperature gradient.
For lumped systems analysis to be applicable, biot number, Bi ≤ 0.1.
Diagram below shows lumped system analysis
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Temperature remains uniform at all times during heat transfer process
Thermal resistance of the body to heat conduction is zero
Convection heat transfer coefficient is constant and uniform which is not the case
especially for irregular surfaces.
No heat transfer by radiation. This is because there is forced convection heat transfer.

Mathematical model
Therefore consider a body with an arbitrary shape of mass, m, volume, v, surface area, As,
density, ꝭ, specific heat, cp, heat transfer coefficient, h, thermal conductivity, k, initially at a
uniform temperature, Ti.
But Biot number, Bi =

𝒉𝑳𝒄
𝒌
𝒗

Where characteristic length, Lc = 𝑨

𝒔

But for lumped systems to be applicable, Bi ≤ 0.1
Therefore

𝒉𝑳𝒄
𝒌

≤ 0.1
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𝒌

LC ≤ 0.1𝒉
With already determined values of heat transfer coefficient, h and thermal conductivity, k,
suitable values of volume and surface area of the system can be obtained for lumped systems
analysis to be applicable.
Formulating an energy balance of the entire system,
𝐻𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚
𝑇ℎ𝑒 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒 𝑜𝑓 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑓𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚
(
)=(
)
𝑑𝑢𝑟𝑖𝑛𝑔 𝑑𝑡
𝑑𝑢𝑟𝑖𝑛𝑔 𝑑𝑡
-Ėsys = Ėout
𝒅𝑻

-hAs(T-T∞) = ꝭcpv

𝒅𝒕

Introducing temperature difference, Ө ≡ T-T∞
Assuming T∞ is constant, then

𝒅Ө
𝒅𝒕

𝒅𝑻

= 𝒅𝒕

𝒅,Ө

-hAsӨ = ꝭcpv 𝒅𝒕
Therefore

ꝭ𝒄𝒑 𝐯 𝒅,Ө

-Ө=

𝒉𝑨𝒔 𝒅𝒕

Separating variables and integrating both sides,
Ө 1 ꝭ𝒄𝒑 𝐯
𝑖 Ө 𝒉𝑨𝒔

Ө

- ∫0 𝑑𝑡 =

∫Ө
ꝭ𝒄𝒑 𝐯

-t=
Ө

𝒉𝑨𝒔

𝑑Ө

Ө

In Ө

𝑖

𝒉𝑨 𝒕

In Ө =- ꝭ𝒄 𝒔𝐯
𝒑

𝑖

Ө
Ө𝑖

=𝒆

−

𝑇(𝑡) − 𝑇∞
𝑇𝑖 −𝑇∞

𝒉𝑨𝒔 𝒕
ꝭ𝒄𝒑 𝐯

=𝒆

−

𝒉𝑨𝒔 𝒕
ꝭ𝒄𝒑 𝐯

𝒉𝑨𝒔

Taking b = ꝭ𝒄
It becomes,

𝒑𝐯

𝑇(𝑡) − 𝑇∞
𝑇𝑖 −𝑇∞

= 𝒆− 𝒃𝒕

……………………… (8)

This equation enables as to determine the temperature of a body at a determined time or
alternatively the time required to reach a specified temperature.
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4.4 CRITICAL RADIUS OF INSULATION ANALYSIS
Introduction
Adding insulation on the wall decreases heat transfer. This is because heat transfer area, A
remains constant and therefore adding insulation increases thermal resistance without
changing convection resistance.
However, when it comes to spherical shell or cylindrical pipe, addition of insulation
increases thermal resistance but decreases convection resistance since it increases surface
area.
Hence heat transfer increases or decreases depending on which factor dominates.
Since during decomposition of limestone particle, lime formation results into a layer
around limestone particle which insulates heat transfer process.

Mathematical model
The diagram below shows limestone particle decomposing

Limestone core
k

𝑟1

h

𝑟2

Lime layer
Figure 4: showing decomposing limestone particle

The rate of heat transfer from the sphere increases with the addition of insulation for 𝑟2 < 𝑟𝑐𝑟 ,
and reaches a maximum when 𝑟2 = 𝑟𝑐𝑟 , and starts to decrease for 𝑟2 > 𝑟𝑐𝑟 . Thus insulating the
sphere may actually increase the rate of heat transfer from the sphere instead of decreasing it
when 𝑟2 < 𝑟𝑐𝑟 .
The critical radius of insulation analysis will help us to know the maximum particle size beyond
which lime layer will act as insulation.

Critical radius of insulation, 𝑟𝑐𝑟,𝑠𝑝ℎ𝑒𝑟𝑒 =

2𝑘
ℎ
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The condition we are to establish to avoid insulation is that;
𝑟2 ≤ 𝑟𝑐𝑟 .

Which is

𝑟2 ≤

2𝑘
ℎ

…………………………………………….. (17)

Where;
k – thermal resistance
h – convection resistance
𝑟2 – radius of limestone particle before decomposition
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4.5 HEAT TRANSFER MODEL
Introduction
This model generally looks at heat transfer by conduction with in limestone particle, by
convection from fuel to limestone particle and through kiln walls.

Heat transfer in limestone particle by conduction
The heat conduction within the limestone particles accounts for:
Heat conduction from the surface of particles to the core through a porous layer of CaO with low
thermal conductivity and heat conduction from the front of reaction to the center of the particle.
In the model, it is assumed that limestone particles are lumped systems and treated as one
dimensional when the temperature is a function of radius only.
Diagram showing heat transfer by conduction process in limestone particle
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Figure 5: showing limestone particle decomposing under heat transfer by conduction

cp
The heat conduction through lime layer is estimated as:

𝑞𝑟 =

4𝜋𝑘𝑙 (𝑇𝑙 − 𝑇𝑟 )
1
𝑟𝑙

−

1
𝑟𝑟

………………………………….. (9)

Where;
𝑘𝑙 - thermal conductivity of the lime layer
𝑟𝑙 - lime radius
𝑟𝑟 - reaction front radius
𝑇𝑙 – lime temperature
𝑇𝑟 – reaction temperature
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Heat transfer to limestone particle by convection
The heat transfer from the gas to the solid particles is dominated by convection in the model.
The convective heat transfer is modeled based on established Nusselt correlations for single
spherical particles with a laminar and a turbulent contribution.

Nd = 2 + (0.25Re + 3x10-4Re1.6)0.5

for 100<Re<3x105

Nd = 430 + 0.5x10-3Re + 0.25x10-9Re2 – 3.1x10-17Re3

for 3x105 <Re < 5x106

The above correlations can be used depending on Reynolds number if it is laminar or turbulent
to obtain nusselts value.
Then heat transfer coefficient can be calculated from,
hgls =

𝑁𝑑 𝑘

………………………………………..(10)

𝑑

where;
𝑁𝑑 – nusselts number
𝑘 – thermal conductivity
𝑑 – diameter of particle
Diagram showing heat transfer process by convection
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Figure 6: showing convective heat transfer to limestone particle
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The convective heat transfer from gas to limestone surface is calculated from,
𝑞𝑔𝑙𝑠 = ℎ𝑔𝑙𝑠 𝑎𝑙𝑠 (𝑇𝑔 − 𝑇𝑙𝑠 )
………………………………………….(11)
Where,
𝑞𝑔𝑙𝑠 – heat transfer from gas to limestone
ℎ𝑔𝑙𝑠 - heat transfer coefficient from gas to limestone
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𝑇𝑔 – temperature of gas
𝑇𝑙𝑠 – temperature of limestone

Heat transfer through kiln wall
Heat transfer through the wall is by conduction, convection and radiation
Diagram below shows heat transfer through kiln wall
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Figure above shows heat loss through the wall

cp

Heat transfer is,
𝑞𝑤 = ℎ𝑤 (𝑇𝑔 − 𝑇∞ )

………………………………………….(12)

ℎ𝑤 is effective heat transfer coefficient encompassing convective heat transfer coefficient,
radiative heat transfer coefficient and thermal conductivity.
Where,
ℎ𝑤 =

1
1
𝐿
1
1
+
+
+
ℎ1 𝐴𝑠 𝐾𝐴𝑠 ℎ3 𝐴𝑠 ℎ𝑟𝑎𝑑

And ℎ𝑟𝑎𝑑 = 𝜎𝜀𝑎𝑤 (𝑇𝑠2 + 𝑇∞2 )(𝑇𝑠 + 𝑇∞ )
𝜀 - emissivity of surface
ℎ1 - convective heat transfer coefficient in kiln
ℎ3 - convective heat transfer coefficient outside the kiln
𝐴𝑠 – surface area
ℎ𝑟𝑎𝑑 – radiative heat transfer coefficient outside the kiln
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4.6 HEAT CONDUCTION EQUATION
Introduction
This helps us to know maximum rate of heat loss from a system which is determined by
considering the heat loss from the system under worst conditions. For an extended period of
time during steady conditions. This can be used to determine the amount of energy or size of
heater required.
It can be carried out by doing a heat transfer analysis under steady conditions.
Heat conduction can be approximated as being one dimensional since heat conduction
will be dominant in one direction and negligible in other directions.
Heat conduction equation also helps us to know temperature variation within the system.
Taking a kiln to be made up of either plane or cylindrical walls

Mathematical model
Heat conduction equation in a large plane walls.
Assumptions
Heat transfer is one dimensional
There is a steady state condition
Diagram showing a section of plane
Y

cp

𝑄𝑥

𝑄(𝑥+∆𝑥)

cp
cp
Figure 7: showing section of plane wall

For variable conductivity;
𝜕
𝜕𝑥

𝜕𝑇

X

∆𝑥

(𝑥 + ∆𝑥)

cp

𝜕𝑇

(𝑘 𝜕𝑥 ) + ġ = 𝜌𝑐 𝜕𝑡

For constant conductivity;
𝜕2 𝑇
𝜕𝑥 2

ġ

+𝑘 =

1 𝜕𝑇
𝑎 𝜕𝑡
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cp

𝑘

Where 𝑎 = 𝜌𝑐
𝜕

In steady state condition, 𝜕𝑡 = 0
And no heat generation, ġ = 0
Hence;
𝑑2 𝑇
𝑑𝑥 2

= 0

………………………………………..(13)

Heat conduction equation in a long cylinder.
Diagram below shows heat transfer through a cylindrical section of wall per unit length
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cp
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Figure 8: showing section of a cylindrical wall

cp
For variable conductivity;
1 𝜕
𝑟 𝜕𝑟

𝜕𝑇

𝜕𝑇

(𝑟𝑘 𝜕𝑟 ) + ġ = 𝜌𝑐 𝜕𝑡

For constant conductivity;
1 𝜕

𝜕𝑇

ġ

(𝑟 𝜕𝑟 ) + 𝑘 =
𝑟 𝜕𝑟

1 𝜕𝑇
𝑎 𝜕𝑡
𝜕

In steady state condition, 𝜕𝑡 = 0
1 𝜕
𝑟 𝜕𝑟

(𝑟

𝜕𝑇
𝜕𝑟

ġ

)+ = 0
𝑘

Since there is no heat generation, ġ = 0
1 𝜕
𝑟 𝜕𝑟

𝜕𝑇

(𝑟 𝜕𝑟 ) = 0

……………………………………….. (14)
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cp

Boundary and initial conditions
Heat flux and the temperature distribution in a medium depend on the conditions at the surfaces
and the description of a heat transfer problem in a medium is not complete without a full
description of the thermal conditions at the bounding surfaces of the medium.
Conditions specified help us to obtain solutions to the differential equations of heat conduction.
Initial condition is usually specified at t=0.
For boundary conditions, we need to specify two locations (inner and outer surfaces) of the wall
since heat transfer in this case is one dimensional. i.e We are to specify two boundary conditions
for one dimensional problems.
Taking differential equation of a plane wall in steady conditions;
𝑑2𝑇
= 0
𝑑𝑥 2
On integration,
It becomes;
𝑇(𝑥) = - 𝐶1𝑥 +C2
And on applying boundary conditions,
𝑇(𝑥) = - 1140𝑥 +873

………………………………………. (15)

For cylindrical walls,
1 𝜕
𝑟 𝜕𝑟

𝜕𝑇

(𝑟 𝜕𝑟 ) = 0

On integration becomes;
T(r) = C1ln(r) + C2
And on applying boundary conditions,
T(r) = 822.34ln(r) + 873
……………………….............. (16)
Using heat conduction equation to estimate temperature variation across the kiln.
The equation (14) when we consider heat generation it is,
1 𝜕

𝜕𝑇

ġ

(𝑟 𝜕𝑟 ) + 𝑘 = 0
𝑟 𝜕𝑟
Becomes;
(1+Inr)T(r) =

−𝑟 2 ġ
4𝑘

+ 873Inr + 698.09

Using boundary conditions established, constants c1 and c2 can be determined and temperature
variation along the system can be obtained.

Assumptions


No moving fluid in the kiln
28





Thermal conductivities are constant
Heat transfer is steady since no change with time
Heat transfer is one dimensional

Considering both cases of plane and cylindrical wall, cylindrical walls are given a great
concern because they don’t have regions of thermal stress concentration and therefore they
withstand higher pressures and temperatures than plane walls.
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4.7 ENERGY AND MASS BALANCE PARTICLE MODEL
Introduction
The progress of limestone transformation to quicklime is analyzed using mass balance equation,
mass transfer, diffusion through the limestone particle and at its surface.
This model is used to determine the mass flow rate of carbon dioxide produced at the core,
carbon dioxide diffusion through the particle, carbon dioxide mass transfer from surface and
diffusion into gas.

Assumptions:
1.
plate.

The limestone particle is an ideal geometric shape such as a sphere, cylinder or

2.

Heat supply is symmetrical.

3.

The particle has a homogenous chemical composition and structure.

4.
The reaction starts uniformly on the surface, always forming a geometrically
smooth decomposition front which advances continuously into the interior of the particle.

Mathematical particle model
Diagram below shows energy and mass balance of a system

𝑄𝑖𝑛

𝑄(𝑡)
𝑄𝑜𝑢𝑡

cp

𝐶(𝑡) cp

cp

𝑔(𝑡)

cp

Figure 9: showing energy and mass balance of the system

Equation of mass balance given as,
30

cp

Accumulation = input + generation – output – consumption
Which is,
𝑑𝑀
𝑑𝑡

= ṁ𝑖𝑛 + ṙ𝑔𝑒𝑛 − ṁ𝑜𝑢𝑡 − ṙ𝑐𝑜𝑛𝑠

………………………………… (18)

Since there is no mass input, generation and mass output,
Then ṁ𝑖𝑛 = ṙ𝑔𝑒𝑛 = ṁ𝑜𝑢𝑡 = 0
And equation simplifies to,
𝑑𝑀
𝑑𝑡

= − ṙ𝑐𝑜𝑛𝑠

Where ṙ𝑐𝑜𝑛𝑠 is due to decomposition reaction at the surface of limestone particle.
Mass balance on the reacting core of limestone can be computed as;
𝑑𝑀𝑙𝑠
𝑑𝑡

= − 𝐴𝑙𝑠 𝑘𝑙𝑠 𝑚𝑙𝑠 𝑐𝑐𝑜2

……………………………………….. (19)

Where;
𝐴𝑙𝑠 – surface area of limestone
𝑘𝑙𝑠 – reaction coefficient
𝑚𝑙𝑠 – mass of limestone particle
𝑐𝑐𝑜2 - concentration of carbon dioxide

But from ideal gas law,
PV = m𝑅𝑐𝑜2 𝑇
m = ꝭxV
Hence P = ꝭ 𝑅𝑐𝑜2 𝑇
𝑐𝑐𝑜2 = ꝭ =

𝑃
𝑅𝑐𝑜2 𝑇

And therefore,
𝑑𝑀
𝑑𝑡

= − 𝐴𝑙𝑠 𝑘𝑙𝑠 𝑚𝑙𝑠 𝑅

𝑃

𝑐𝑜2 𝑇

Mass rate of carbon dioxide gas produced by the decomposition reaction at the reacting core is
calculated by;
𝑑𝑀𝑐𝑜2
𝑑𝑡

= − 𝐴𝑙𝑠 𝑘𝑙𝑠 𝑚𝑐𝑜2 𝑐𝑐𝑜2
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Which simplifies to,
𝑑𝑀𝑐𝑜2
𝑑𝑡

= − 𝐴𝑙𝑠 𝑘𝑙𝑠 𝑚𝑐𝑜2 𝑅

𝑃

…………………………….. (20)

𝑐𝑜2 𝑇

The mass rate of carbon dioxide transferred by diffusion inside the lime layer which is produced
by the calcination of limestone is calculated by mass balance as below;
𝑑𝑀𝑐𝑜2 ,𝑙
𝑑𝑡

= −4𝜋

𝑟𝑟 𝑟𝑙
𝑟𝑟 − 𝑟𝑙

𝑚𝑐𝑜2 𝐷𝑒𝑓𝑓,𝑐𝑜2 (𝑐𝑐𝑜2 ,𝑟 − 𝑐𝑐𝑜2 ,𝑠 )

………………………… (21)

Where;
𝑟𝑟 – Radius of reaction front
𝑟𝑙 – Radius of lime surface
𝑐𝑐𝑜2 ,𝑟 – Carbon dioxide concentration at reaction front
𝑐𝑐𝑜2 ,𝑠 – Carbon dioxide concentration at lime surface
𝐷𝑒𝑓𝑓,𝑐𝑜2 – Effective diffusion coefficient inside lime layer
𝑚𝑐𝑜2 – Mass of carbon dioxide gas
The mass rate of carbon dioxide transferred by convection and diffusion inside the gases
surrounding the particle is calculated by;

Mass rate transferred by convection is,
ṁ = ℎ𝑚𝑎𝑠𝑠 𝐴(ꝭ𝑐𝑜

2 ,𝑠

− ꝭ𝑐𝑜

2 ,𝑔

)

ṁ = ℎ𝑚𝑎𝑠𝑠 𝐴(𝑐𝑐𝑜2 ,𝑠 − 𝑐𝑐𝑜2 ,𝑔 )
…………………. (22)
Where;
ℎ𝑚𝑎𝑠𝑠 - Mass transfer coefficient
𝐴 – Surface area
𝑐𝑐𝑜2 ,𝑠 – Concentration of carbon dioxide at surface
𝑐𝑐𝑜2 ,𝑔 – Concentration of carbon dioxide in gases

Mass transfer by diffusion,
The rate of diffusion is given by fick’s law of diffusion as below
ṁ
𝐴

𝜕𝑐

= - D 𝜕𝑥

Which is on integration,
ṁ = - DA

(𝑐𝑐𝑜2 ,𝑠 − 𝑐𝑐𝑜2 ,𝑔 )
𝑑𝑟

…………………………………………. (23)

On combining equation 22 and 23, the overall mass rate becomes,
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ṁ = ℎ𝑚𝑎𝑠𝑠 𝐴(𝑐𝑐𝑜2,𝑠 − 𝑐𝑐𝑜2 ,𝑔 ) - DA
𝐷

ṁ = A(ℎ𝑚𝑎𝑠𝑠 - 𝑑𝑟 ) (𝑐𝑐𝑜2 ,𝑠 − 𝑐𝑐𝑜2,𝑔 )

(𝑐𝑐𝑜2 ,𝑠 − 𝑐𝑐𝑜2 ,𝑔 )
𝑑𝑟

……………………… (24)

This equation can be used to determine mass rate of carbon dioxide transferred by both
convection and diffusion in gases surrounding a particle in the kiln.
Total mass rate of carbon dioxide is derived by combining the mass rate of carbon
dioxide produced by decomposition reaction at the reacting core, mass rate transferred by
diffusion inside the lime layer, mass rate transferred by convection and diffusion in gases
surrounding the particle.
The energy balance over the lime layer and limestone core can be written as;
For lime layer,
𝑚𝑙 𝑐𝑝,𝑙

𝑑𝑇𝑠
𝑑𝑡

=ℎ𝑐𝑜𝑛𝑣 𝐴𝑠 (𝑇𝑔 − 𝑇𝑠 ) + 𝜎𝜀𝐴𝑠 (𝑇𝑔4 − 𝑇𝑠4 ) − 4𝜋

𝑟𝑟 𝑟𝑙
𝑟𝑟 − 𝑟𝑙

𝐷𝑙 (𝑇𝑓 − 𝑇𝑠 ) …………….. (25)

For limestone core,
𝑚𝑙𝑠 𝑐𝑝,𝑙𝑠

𝑑𝑇𝑓
𝑑𝑡

= 4𝜋

𝑟𝑟 𝑟𝑙
𝑟𝑟 − 𝑟𝑙

𝐷𝑙 (𝑇𝑠 − 𝑇𝑟 ) + 𝐴𝑙𝑠 𝑘𝑙𝑠 (𝑐𝑐𝑜2 ,𝑒𝑞 − 𝑐𝑐𝑜2 ,𝑟 )

Where;
𝑇𝑔 – temperature of gas
𝑇𝑠 – temperature at the surface
𝐷𝑙 – diffusion coefficient of lime
𝑐𝑐𝑜2 ,𝑒𝑞 – equilibrium concentration of carbon dioxide
𝑐𝑐𝑜2 ,𝑟 – concentration of carbon di oxide at the reaction front

33

………………………. (26)

4.8 CONSERVATION AND BALANCE PRINCIPLES OF THE SYSTEM
Introduction
We will apply balance or conservation principles to assess the effect of maintaining or
conserving levels of important physical properties.
Using equation (18), accumulation of quick lime is obtained and is respect with time

Mathematical model for the system
This mathematical model of the system gives accumulation rate of quick lime of the system.
Accumulation = input + generation – output – consumption
𝟓. 𝟒𝑴𝒇𝒖𝒆𝒍
𝑴𝒂𝒊𝒓/𝒌𝒈𝒇𝒖𝒆𝒍 𝝆𝒍𝒔
𝒅𝒎
= (((
)+(
))
𝒅𝒕
𝑽𝒂𝒊𝒓 𝒇𝒐𝒓 𝒓𝒆𝒂𝒄𝒕𝒊𝒐𝒏
𝟓. 𝟒
𝑴𝒄𝒐𝟐 /𝒌𝒈𝒇𝒖𝒆𝒍 𝑴𝒍𝒔/𝒎𝟑
𝟎. 𝟕𝟗𝑴𝒂𝒊𝒓/𝒌𝒈𝒇𝒖𝒆𝒍 𝝆𝒍𝒔
− ((
)+(
))
𝟓. 𝟒
𝑴𝒍𝒔/𝒌𝒈𝒇𝒖𝒆𝒍
𝑴𝑴𝒄𝒐𝟐 𝝆𝒍𝒔 𝒏𝒑′𝒄𝒍𝒆𝒔
+(
)) 𝑽̇𝒂𝒊𝒓 𝒊𝒏 − 𝑴̇𝒇𝒖𝒆𝒍
𝑴𝑴𝑪𝒂𝑪𝑶𝟑

Where;
𝑽𝒂𝒊𝒓 𝒇𝒐𝒓 𝒓𝒆𝒂𝒄𝒕𝒊𝒐𝒏 – volume of air for reaction
𝑽̇𝒂𝒊𝒓 𝒊𝒏 − volume flow rate of air into the system
𝑴𝑴𝒄𝒐𝟐 − molar mass of carbon di oxide gas
𝑴𝑴𝑪𝒂𝑪𝑶𝟑 − molar mass of calcium carbonate (limestone)
𝒏𝒑′𝒄𝒍𝒆𝒔 − number of limestone particles in the system
𝑴̇𝒇𝒖𝒆𝒍 − mass flow rate of fuel
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4.9 FLOW ACROSS PARTICLES
Introduction
Since particles affect the flow pattern and turbulence level downstream, thus heat transfer to
or from them.
The particles are arranged either inline or staggered in the direction of flow. The outer particle
diameter, D is taken as the characteristic length. The arrangement of the particles is
characterized by the transverse pitch ST, longitudinal pitch, SL and the diagonal pitch, SD
between particle centers.
The diagram below shows arrangement of particles in a kiln

SD

Second row

AD

SL
A1

First row

ST

Direction of flow of air across rows
Figure 10: showing arrangement of particles in the kiln

As the fluid enters the particle bank, the flow area decreases from A 1 = ST to AT = (ST-D)L
between particles and thus flow velocity increases.
Flow characteristics are dominated by the maximum velocity, Vmax that occurs within the
particle bank rather than the approach velocity V.
Therefore the Reynolds number is defined on the basis of maximum velocity.
Where maximum velocity, Vmax
Vmax = STV/(2(SD - D))
Here, we are primarily interested in the average heat transfer coefficient for the entire bank.
This depends on the number of particle rows along the flow as well as the arrangement and size
of the particles.
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Correlation to use to determine average nusselt number for cross flow is;
ℎ𝐷

NUD =

𝐾

𝑃

= CRedmPrn (𝑃 𝑟 )
𝑟𝑠

For 0.7<Pr<500 and 0<ReD<2x106
Prs are to be evaluated at the arithmetic mean temperature
𝑇𝑖 +𝑇𝑒

Tm = (

2

)

Ti - inlet fluid temperature
Te - exit fluid temperature
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4.10 PRESSURE DROP, ∆𝑷
This is the difference between inlet temperature and outlet temperature.
It’s a measure of resistance particles offer to flow over them.
∆𝑃 = 𝑁𝐿 𝑓𝑥

2
𝜌𝑉𝑚𝑎𝑥

2

Where;
f = friction factor
x = correction factor
Pressure drop occurs in the flow direction, and thus we used NL (the number of rows) in
the ∆𝑃 relation.
The power required to move a fluid through a particle bank is proportional to the
pressure drop, and when pressure drop is available, the pumping power required can be
determined from;
𝑊̇𝑝𝑢𝑚𝑝 = 𝑉̇ ∆𝑃 =

𝑚̇∆𝑃
𝜌

Where;
𝑉̇ = V(NT ST L) is the volume flow rate
𝑚̇ = 𝜌𝑉̇ = 𝜌𝑉 (NT ST L) is mass flow rate of the fluid flowing through particle bank.
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5.0 RESULTS AND DISCUSSION
5.1 Fuel model
The equations used are chemical reaction equations where theoretical air, air to fuel ratio and
enthalpy of combustion are determined numerically.
Theoretical air gives minimum amount of air required for complete combustion
Air fuel ratio gives amount of air used per unit fuel whereas enthalpy of combustion gives heat
energy produced per unit fuel during chemical reaction.
The parameters used in the model are given in table1, and results in table 2 and 3.
Table 1;
Chemical kinetic constants
Property

value

Enthalpy of formation, CO2

-393520 KJ/K mol

Enthalpy of formation, H2O

-285830 KJ/K mol

Enthalpy of reaction, C6 H10 O5

-1640000 KJ/K mol

Enthalpy of reaction, CH4

-32210 KJ/K mol

Table 1: showing chemical kinetic constants used

Table 2;
For Biomass
Obtained results
Theoretical air

8.5

Air fuel ratio

4.82 Kg/Kg fuel

Enthalpy of combustion

-2150270 KJ/Kg fuel

Table 2: showing results of fuel model for biomass
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Table 3;
For biogas
Obtained results
Theoretical air

2

Air fuel ratio

17.16 Kg/Kg fuel

Enthalpy of combustion

-932970 KJ/Kg fuel

Table 3: showing results of fuel model for biogas

For theoretical air, biomass has greater theoretical air than biogas.
The air fuel ratio of biogas is greater than that of biomass and the enthalpy of combustion of
biomass is greater than that of biogas.
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5.2 Air and flue gas model
Concentration of carbon dioxide in flue gas
I used equations stated earlier to calculate concentrations of carbon di oxide and oxygen in the
intake air and flue gas for both fuels biomass and biogas. Using properties given below and
results obtained in tables 4, 5 and 6, 7 for biomass and biogas respectively.
For biomass;
Table 4;

properties used
Properties

values

Volumetric mass of limestone, 𝑀𝑙𝑠/𝑚3

2100 kg/m3

Percentage of carbon dioxide in air, 𝑋𝑐𝑜2

0.04%

Mass of limestone / kg fuel, 𝑀𝑙𝑠/𝑘𝑔𝑓
mass of air / kg fuel, 𝑀𝑎𝑖𝑟/𝑘𝑔𝑓

5.397 kg/kg fuel
4.82kg/kg fuel

Percentage of oxygen in air, 𝑋𝑜2

0.21%

Mass of carbon di oxide /kg fuel, 𝑀𝑐𝑜2 /𝑘𝑔𝑓

1.09kgco2/kg fuel

Table 4: showing properties used for air and flue gas model of biomass

Table 5;

Results obtained

Properties

values

Concentration of carbon dioxide in intake air, 𝐶𝑐𝑜2

0.75kg/m3

Concentration of oxygen in intake air, 𝐶𝑜2

393.85kg/m3

Carbon di oxide in flue gas produced by reaction

424.12kg/m3

between fuel and air, 𝐶𝑐𝑜2 /𝑓𝑙𝑢𝑒𝑔𝑎𝑠
Table 5: showing results obtained for air and flue gas model of biomass
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For biogas;
Table 6;

properties used
Properties

values

Volumetric mass of limestone, 𝑀𝑙𝑠/𝑚3

2100 kg/m3

Percentage of carbon dioxide in air, 𝑋𝑐𝑜2

0.04%

mass of limestone / kgfuel, 𝑀𝑙𝑠/𝑘𝑔𝑓
mass of air / kgfuel, 𝑀𝑎𝑖𝑟/𝑘𝑔𝑓
Percentage of oxygen in air, 𝑋𝑜2

5.397 kg/kg fuel
17.16 kg/kgfuel
0.21%

Mass of carbon di oxide /kg fuel, 𝑀𝑐𝑜2 /𝑘𝑔𝑓

2.75 kgco2/kgfuel

Table 6: showing properties used for air and flue gas of biogas

Table 7;
Results obtained
Properties

values

Concentration of carbon dioxide in intake air, 𝐶𝑐𝑜2

2.67 kg/m3

Concentration of oxygen in intake air, 𝐶𝑜2

1402.18 kg/m3

Carbon di oxide in flue gas produced by reaction

1070.04 kg/m3

between fuel and air, 𝐶𝑐𝑜2 /𝑓𝑙𝑢𝑒𝑔𝑎𝑠
Table 7: showing results obtained for air and flue gas of biogas
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The graph below show relationship of concentration of carbon dioxide or any other gases
with mass of air per kg of fuel.

Figure 11: showing relationship between carbon dioxide concentration and mass of air per kg of fuel
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Determining partial pressures of carbon dioxide concentration
Tables below show parameters used and results obtained for this analysis
Table 8 ;
Parameters used
Properties
values
Gas constant
8.314 Jmol-1K-1
Temperature of gas
873K
Temperature at particle surface
673K
Table 8: showing properties used in determining partial pressures

Table 9 ;
Results obtained
Properties
Equilibrium pressure (Peqm)
Gas pressure for biomass (Pg)
Gas pressure for biogas (Pg)
Pressure at particle surface (Ps)

values
79397.62 N/m2
40579.22N/m2
176772.287 N/m2
77299.37 N/m2

Table 9: showing results of partial pressures obtained
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Graph of partial pressures plotted against carbon dioxide concentration

𝑛
𝑣

moles/m3

Figure 12: showing relationship between carbon dioxide concentration and partial pressures

As seen on the graph above, equilibrium pressure is greater than other pressures except for gas
pressure of biogas. And the pressures increase with increase of number of moles i.e
concentration of carbon dioxide gas.
However, for both fuels biomass and biogas, diffusion of carbon dioxide from the core of
particle to the surface occurs. But diffusion of carbon dioxide gas into the flue gases occurs for
only biomass not with biogas. And this is explained by Pg,gas line which is higher than the Ps
line which means concentration of carbon di oxide in flue gas is greater than that at the particle
surface not enabling diffusion to occur from the surface hence affecting the calcnation process.
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5.3 Lumped system analysis model
Lumped system analysis is used to model systems with an assumption that temperature
throughout the body is the same at any time. The model to be valid has to be equal or less than
the biot number.
In this model, we determine the range of values for convective heat transfer coefficient and
time it takes for the system to reach the required temperature. The relationship between the
parameters is also established.
Table 11 and 12 show the parameters used and results obtained respectively.
Table 11;

parameters used
Properties

values

Specific heat capacity of limestone

830 KJ/kgK

Density of limestone

2100 Kg/m3

Radius of limestone particle

0.01 m

Table 10: showing properties used in lumped system analysis

Table 12;

Results obtained
Properties

values

Coefficient of convective heat transfer

39 W/m2k

Calcination time

128,226.59 secs

Table 11: showing results of lumped system analysis obtained

The value of coefficient of convective heat transfer obtained is the maximum and other
ranges of values will be lower for the lumped system to be valid. Hence calcination time
calculated is the minimum time achievable for calcination time to be complete.
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Figure 13: showing the relationship between convective heat transfer coefficient and particle size
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Figure 14: showing the relationship between convective heat transfer coefficient and calcination time

47

5.4 Heat transfer model
Heat transfer to limestone particle by convection
Convective heat transfer involves the transfer of heat from combustion gases to limestone. This
is dependent on coefficient of heat transfer, surface area and temperature change.
And amount heat transferred is to be predicted.
Table 6 and 7 contain parameters used and results obtained respectively.
Table 13;
Properties used
Parameters
Coefficient of heat transfer, ℎ𝑔𝑙𝑠
Temperature of gas, 𝑇𝑔
Temperature of limestone, 𝑇𝑙𝑠
Surface area, 𝑎𝑙𝑠

values
39 W/m2K
873 K
473 K
1.257x10-3m2

Table 12: showing properties used in convective heat transfer analysis

Predicted heat transferred is 9.8018 W
As seen in the heat transfer equation, one would obviously conclude that heat transfer is
proportional to coefficient of convective heat transfer and temperature change. But the figure
below gives a clear picture of proportionality between the properties.
The figure below shows that change of coefficient of convective heat transfer has greater impact
on heat transfer than change of temperature.
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W

Figure 15: showing relationship between heat transfer, convective heat transfer coefficient and flue gas temperature
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Heat transfer through kiln wall
Heat transfer through kiln wall gives us heat losses and this is dependent on many mechanisms
which include heat transfer by convection from the kiln chambers to the wall, by conduction
through the wall, heat from the wall outer surface by radiation and convection.
This model predicts heat losses through the wall and also is used to know how each property can
be handled in order to minimize heat losses.
Table 14 and 15 show properties used and results achieved respectively.
Table 14;
Properties
Thermal conductivity of wall, K
Emissivity of wall, 𝜀
Coefficient of convective heat transfer outside kiln, ℎ3
Coefficient of convective heat transfer in kiln, ℎ1
Temperature in kiln, 𝑇𝑔
Temperature at outer surface, 𝑇𝑠
Temperature of the surrounding, 𝑇∞

values
5.077 W/mk
0.498
13.75 W/m2k
1560 W/m2k
873 k
303 k
298 k

Table 13: showing properties used during heat transfer through wall

Table 15;
Results obtained
Radiation heat transfer coefficient, ℎ𝑟𝑎𝑑
Heat loss, 𝑄̇
Table 14: showing results obtained for heat transfer through the wall
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3.065 W/m2k
286.37 W/m2

Figure 16: showing the relationship between heat flux and the different heat resistances due to respective heat transfer
mechanisms

The figure above shows the resistance effect contributed by each heat transfer mechanism.
R1 is due to convection in the kiln
R2 is due to thermal conductivity through the wall
R3 is due to convection outside the kiln
R4 is due to radiation outside the kiln

Basing on the graphical illustration, it’s shown that radiation heat transfer offers the greatest
resistance followed by thermal conductivity, convection heat transfer outside the kiln and then
convection heat transfer inside the kiln.
This helps in identifying heat transfer mechanism that maximizes heat losses so that can be
handled to minimize heat losses.
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Heat conduction equation
Heat conduction equation will be used to determine heat variations along the kiln wall and also
predict temperature at any distance along the wall section. Using the already determined
boundary conditions, an equation is developed through integration. For heat of generation, we
considered heat transferred to a single particle by convection.
Table 16 contains parameters that were used during analysis
Table 16;

properties used are;
Properties
Heat of generation, 𝑔̇
Temperature of outer surface of kiln, Ts
Temperature of inner surface of kiln, Tg
Thermal conductivity of kiln wall, K
Thickness of kiln wall

values
0.4898 W/m3
303 K
873 K
5.077 W/mk
0.5 m

Table 15: showing properties used in heat conduction equation

For heat conduction along a plane wall, temperature variation is shown on graph below,

Figure 17: showing variation of temperature across the plane wall
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For heat conduction along a cylindrical wall, temperature variation is shown on graph below

Figure 18: showing temperature variation with radial distance across cylindrical wall

Using heat conduction equation to estimate temperature variation across the kiln.
The equation (14) when we consider heat generation it is,
1 𝜕
𝑟 𝜕𝑟

𝜕𝑇

ġ

(𝑟 𝜕𝑟 ) + 𝑘 = 0

Becomes;
(1+Inr)T(r) =

−𝑟 2 ġ
4𝑘

+ 873Inr + 698.09

Using the equation, the graph below is obtained which shows the variation of temperature in the
kiln with radial distance from the center. However, heat conduction equation is used to develop
a curve that illustrates heat generation from the center of the kiln to the inner surface. It does
not run from surface to surface hence it is half of the required curve.
Since the curve is half, we shall use it to approximate the internal radius of the kiln.
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Figure 19: showing temperature variation from internal surface to the center of the kiln

Using the graph above, the internal radius of the kiln is about 5.5m hence the diameter is about
11m.
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5.5 Critical radius of insulation model
Using values of k=1.3 W/mk and h=39 W/m2k
𝑟𝑐𝑟,𝑠𝑝ℎ𝑒𝑟𝑒 =
𝑟𝑐𝑟,𝑠𝑝ℎ𝑒𝑟𝑒 =

2𝑘
ℎ
2𝑥1.3
39

= 0.0667m

Therefore, since r2 < 𝑟𝑐𝑟,𝑠𝑝ℎ𝑒𝑟𝑒 increase in insulation by the quick lime layer leads to an increase
of heat transfer to the core.
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5.6 Flow across particle model
By using this approach, we determine the transverse pitch, longitudinal pitch and diagonal pitch
between particle centers. This minimizes the effect of flow pattern and turbulence level
downstream and thus heat transfer to and from the particle.
Tables show the properties and results obtained respectively.
Applying the condition; 2AD > AT
AD = (SD - D)D
AT = (ST - D)D
A1 = ST D
Table 17;
Properties used

values

Inlet velocity of fluid, V

0.497 m/s

Inlet temperature, Ti

873K

Outlet temperature, Te

293K

Transverse pitch, ST

0.021 m

Table 16: showing properties used in flow across particles analysis

Table 18;
Results obtained

values

Maximum velocity, Vmax

10.437m/s

Longitudinal pitch, SL

0.00456 m

Diagonal pitch, SD

0.0205 m

Diagonal area, AD

1x10-5 m2

Reynolds number, ReD

2101.32

Table 17: showing results obtained in flow across particles analysis

56

Results
Properties

Quantity

Units

Air inflow rate

47.23

m3/s

Fuel flow rate for biomass

9.8

kg/s

Fuel flow rate for biogas

2.75

kg/s

Height of kiln for biomass

77.43

m

Height of kiln for biogas

9.44

m

Transverse pitch of particle

0.021

m

Longitudinal pitch of particles

4.56x10-3

m

Thickness of kiln wall

0.5

m

Internal radius of kiln

5.5

m

Heat loss

286.37

W/m2

Diameter of limestone particle

0.02

m

Limestone flow rate for biomass fuel

52.89

Kg/s

Limestone flow rate for biogas fuel

6.45

Kg/s

Calcination time

128,226.59

Secs

Pre heating time

68,590.71

Secs

Cooling time

68,590.71

Secs

Total time for the process

265,408.01

Secs

Height of calcination zone for biomass

50.97

m

Height of calcination zone for biogas

6.22

m

Height of preheating zone for biomass

27.67

m

Height of pre heating zone for biogas

3.33

m

Height of cooling zone for biomass

27.67

m

Height of cooling zone for biogas

3.33

m

Total height of kiln for biomass

105.54

m

Total height of kiln for biogas

12.87

m
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6.0 CONCLUSION
This work aimed at improving operation of calcination of limestone in kiln. To achieve this
goal, the mathematical model of the kiln has been developed and supported by both full scale
measurements and models of a single particle. The models of single particle were made to
determine supply input information to the model.
Biomass consumes more air during combustion and produces more heat energy during
combustion. And the concentration of carbon dioxide increases with increase of mass of air per
kilogram fuel. For the results obtained in tables above, concentration of gases when using biogas
are higher than that when using biomass.
When particle size is increased, coefficient of convective heat transfer is increased
basing on lumped system analysis and this expresses validity of the analysis, if time of
calcination is to remain constant. As shown in figure 6 above.
When particle size is kept constant, increase of coefficient of convective heat transfer leads to
decrease of calcination time. As seen in figure 7 above.
The model is used to predict the energy transferred to limestone particles and the effect
of each property on to the energy transferred to the whole system.
The graph can be used to predict the respective resistances for heat transfer mechanisms at any
heat losses desired.
When air progresses through particles, its velocity increases due to decrease of cross sectional
area which eventually Reynolds number, Nusselts number and then heat transfer to and from
the particles.
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7.0 RECOMMENDATION
Basing on the results obtained earlier, it’s realized that biogas produces little energy and
much carbon dioxide gas compared to biomass. Therefore much consideration should be put on
usage of biomass as a fuel.
In order to use biogas as a fuel, mechanisms should be employed to minimize carbon
dioxide concentration in flue gas to enable diffusion of carbon di oxide from the surface and
facilitate calcination process.
There is a pressure drop as air and flue gases flow across the particles and therefore a
pump is required to provide extra power to overcome the pressure drop. A separate
mechanism should be established to distribute particles to appropriate pitches with in the kiln
to facilitate heat transfer through particle.
Since the critical radius of insulation is 0.0667. The particles radius should not exceed
0.0667 to avoid creating insulation effect by the quick lime layer. And also the convective heat
transfer coefficient in the system should not exceed 39 W/m2k as predicted by the model.
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9.0 APPENDIX
Below is the graph used to determine values of c, m and n of the correlation

Table 18: for finding values of c, m and n of the correlation

Below is the graph used to determine values of friction factor and correction factor in the
relation above.
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Table 19: for finding friction factors and correction factors
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